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A SOFT OKA PRINCIPLE FOR PROPER HOLOMORPHIC
EMBEDDINGS OF OPEN RIEMANN SURFACES INTO (C∗)2
TYSON RITTER
Abstract. Let X be an open Riemann surface. We prove an Oka property on the ap-
proximation and interpolation of continuous maps X → (C∗)2 by proper holomorphic
embeddings, provided that we permit a smooth deformation of the complex structure
on X outside a certain set. This generalises and strengthens a recent result of Alarco´n
and Lo´pez. We also give a Forstnericˇ-Wold theorem for proper holomorphic embed-
dings (with respect to the given complex structure) of certain open Riemann surfaces
into (C∗)2.
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1. Introduction
It is a long-standing and difficult question of complex geometry whether every open
(that is, non-compact) Riemann surface can be properly holomorphically embedded in
2-dimensional complex affine space C2. We refer the reader to the introductions of the
papers [13] and [19], as well as the recent monograph [5, §§8.9–8.10], for details of the
progress made towards a solution of this problem. Of particular importance to this
paper are the powerful techniques introduced by Wold in [22, 23] where he proved that
every finitely connected planar domain in C properly holomorphically embeds into C2,
thereby extending a previous result of Globevnik and Stensønes [14] for a restricted class
of such domains. By applying Wold’s techniques, Forstnericˇ and Wold [13] subsequently
proved that, given a holomorphic embedding of a compact bordered Riemann surface
into C2 (see Definitions 2.1 and 2.2), there exists a proper holomorphic embedding into
C
2 of the open Riemann surface that is its interior.
In [19] I adapted Wold’s embedding techniques to the target manifold C × C∗ and
proved a corresponding Forstnericˇ-Wold embedding theorem for the interior of compact
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bordered Riemann surfaces, with added control over the homotopy class of the embed-
ding. Using this, I obtained an Oka principle for proper holomorphic embeddings of
bounded finitely connected planar domains without isolated boundary points, namely
that, given such a domain X , every continuous map f : X → C×C∗ can be deformed to
a proper holomorphic embedding. Some progress towards generalising this to arbitrary
finitely connected planar domains was made in [17]. Here, the term Oka principle for
proper holomorphic embeddings comes by way of comparison to the Oka principle of Gro-
mov [15], which in this setting guarantees the existence of a holomorphic deformation
of f , but without any claims as to its properness, injectivity, or immersivity.
By allowing deformations of the complex structure on an open Riemann surface we
can investigate whether there are any topological obstructions to obtaining proper holo-
morphic embeddings into C2. Following this idea, Cˇerne and Forstneric [4] proved that
every open Riemann surface that is the interior of a compact bordered Riemann surface
can be given a complex structure with respect to which it properly holomorphically
embeds into C2. Extending this result, Alarco´n and Lo´pez [1] recently applied the em-
bedding techniques of Forstnericˇ and Wold to prove the same fact for arbitrary open
Riemann surfaces, showing that the topology of the surface plays no role in the problem.
In the current paper we pursue a similar idea, considering proper holomorphic em-
beddings of arbitrary open Riemann surfaces X on which we permit deformations of
the complex structure, but with target (C∗)2 rather than C2 (this choice of target is ex-
plained later in the introduction following Corollary 1.3). Rather than simply exhibiting
the existence of such embeddings, however, our focus is on deforming a given continuous
map X → (C∗)2 into a proper holomorphic embedding that satisfies several additional
conditions.
A simplified version of our main result is as follows. Note that at this point we do
not yet consider any change to the complex structure on the open Riemann surface X .
Theorem 1.1. Let X be an open Riemann surface and K ⊂ X be an O(X)-convex
compact set. Let f : X → (C∗)2 be a continuous map that restricts to a holomorphic
embedding of an open neighbourhood of K. Then there exists a smooth isotopy of smooth
embeddings Φt : X → X, t ∈ [0, 1], with Φ0 = idX , and a continuous family of continu-
ous maps ft : Φt(X)→ (C
∗)2, t ∈ [0, 1], with f0 = f , such that f1 : Φ1(X)→ (C
∗)2 is a
proper holomorphic embedding.
Furthermore, we can ensure that for all t ∈ [0, 1], Φt restricts to the identity on some
fixed open neighbourhood of K, and that on some smaller open neighbourhood of K the
family ft restricts to a family of holomorphic embeddings that uniformly approximate f
on K.
We think of the isotopy of smooth embeddings Φt : X → X as giving a smooth
deformation of X within itself to an open subset Φ1(X) that can be properly holo-
morphically embedded into (C∗)2. It is then easy to see that the proper holomorphic
embedding f1 : Φ1(X) → (C
∗)2 is homotopic to f |Φ1(X). Indeed, f |Φ1(X) = f ◦ ι, where
ι : Φ1(X) →֒ X is the inclusion. The family Φt ◦ Φ
−1
1 : Φ1(X) → X , t ∈ [0, 1], gives a
homotopy from Φ−11 to ι, so it suffices to show that f ◦ Φ
−1
1 is homotopic to f1. This in
turn follows by considering the family of maps ft ◦ Φt ◦Φ
−1
1 : Φ1(X)→ (C
∗)2, t ∈ [0, 1].
The proof of Theorem 1.1 is given in Section 4. In fact, there we prove a stronger
result (Theorem 4.2) with interpolation on a discrete set S ⊂ X , provided that f |S :
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S → (C∗)2 is a proper injection. In that case, we can also ensure that Φt restricts to
the identity on a fixed neighbourhood of S, and that ft|S = f |S for all t ∈ [0, 1].
At this point we rephrase the conclusions of Theorems 1.1 and 4.2 by permitting
deformations to the complex structure onX . Using Φt to pull back the complex structure
from Φt(X) to X , we obtain the following corollary of Theorem 4.2.
Corollary 1.2. Let X be an open Riemann surface with complex structure operator
J . Let K ⊂ X be an O(X)-convex compact set, and S ⊂ X be a discrete set. Let
f : X → (C∗)2 be a continuous map that restricts to a holomorphic embedding of a
neighbourhood of K and such that f |S : S → (C
∗)2 is a proper injection. Then there
exists a smooth deformation of J through complex structures to a complex structure J˜
on X, and a continuous deformation of f to a map f˜ : X → (C∗)2 that is a proper
holomorphic embedding with respect to J˜ , such that f˜ approximates f uniformly on K
and f˜ |S = f |S.
Furthermore, we can ensure that J does not change on a fixed neighbourhood of K∪S,
and that the deformation of f is through maps that restrict to holomorphic embeddings
of a fixed smaller neighbourhood of K, that uniformly approximate f on K and equal f
on S.
We remark that, since every open Riemann surface is Stein, the deformation of J to
J˜ is trivially through Stein complex structures on X .
Given a complex manifold Y , one can ask whether it possesses the following so-called
basic Oka property : Can every continuous map f : X → Y from a Stein manifold X
into Y be deformed into a holomorphic map f˜ : X → Y ? We can also ask a stronger
question as follows. Let K ⊂ X be a compact O(X)-convex set and A ⊂ X be a closed
complex subvariety, and suppose that the continuous map f : X → Y is holomorphic
on a neighbourhood of K, and has holomorphic restriction to A. Can f be deformed to
a holomorphic map f˜ while keeping it fixed on A and almost fixed on K? This is known
as the basic Oka property with approximation and interpolation, and manifolds Y that
satisfy this property are said to be Oka. We refer the reader to the surveys [6, 7] and
the monograph [5, Chapter 5] for excellent treatments of the Oka principle in complex
geometry.
Noting that Oka manifolds are relatively rare, Forstnericˇ and Slapar [11, 12] consider
the problem of deforming a continuous map f : X → Y , where X is a Stein manifold
and Y is a complex manifold, to a map f˜ holomorphic with respect to some deformed
complex structure on X . They prove that this so-called soft Oka property holds for
arbitrary complex manifold targets Y . Additionally, if f is already holomorphic on a
complex subvariety A ⊂ X then it can be kept fixed there, so that f˜ |A = f |A, and
the complex structure on X can also be left unchanged in a neighbourhood of A. Our
Corollary 1.2 is therefore very similar in nature to the results of Forstnericˇ and Slapar,
except that by restricting our attention to a special target manifold we can ensure our
final maps are not just holomorphic, but are proper holomorphic embeddings that both
approximate and interpolate the given continuous function on suitable sets. For that
reason we call Corollary 1.2 a soft Oka principle for proper holomorphic embeddings of
open Riemann surfaces into (C∗)2.
If we let K = ∅ and S = ∅ in Corollary 1.2, we obtain the following statement on
embeddings of open Riemann surfaces into (C∗)2.
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Corollary 1.3. Let X be an open Riemann surface and f : X → (C∗)2 be a continuous
map. Then, after possibly deforming the complex structure on X, there exists a proper
holomorphic embedding f˜ : X → (C∗)2 that is homotopic to f .
Thus there are no topological obstructions, in any homotopy class, to the existence
of proper holomorphic embeddings of open Riemann surfaces into (C∗)2.
Taking f : X → (C∗)2 to be a constant map, we see that every open Riemann surface
has a complex structure such that it properly holomorphically embeds into (C∗)2. Since
every non-compact smooth orientable surface can be given a complex structure, we also
see that every such smooth surface has a complex structure with respect to which it can
be properly holomorphically embedded into (C∗)2.
Finally, note that without any significant changes in the proofs, all of the results in
the present paper continue to hold with the target manifold (C∗)2 replaced by C2 or
C × C∗. There are two main reasons, then, why we choose to work with target (C∗)2
rather than C2 or C × C∗. For one, (C∗)2 is homotopy equivalent to S1 × S1, and is
therefore non-contractible, in contrast to C2. Thus, while every map X → C2 is null-
homotopic, so that any two such maps are trivially homotopic, this is no longer the
case for maps X → (C∗)2, and it becomes of interest to consider the homotopy class
of such maps. Second, while C2 and C × C∗ possess the so-called density property, an
essential ingredient in Wold’s embedding techniques, it is not known whether (C∗)2 has
this property. We must therefore make use of the related, but different, volume density
property, which (C∗)2 is known to have. We believe this is the first time that Forstnericˇ
and Wold’s embedding techniques have been adapted to such a target.
The content of the remainder of the paper is as follows.
In Section 2 we show that the techniques developed by Forstnericˇ and Wold for
embedding certain open Riemann surfaces into C2 can be adapted to the target (C∗)2.
These results become our main tools in Section 3. However, from the results in Section 2
we also obtain, essentially for free, Theorem 2.15 on properly holomorphically embedding
the interior of a compact bordered Riemann surface into (C∗)2. This result mirrors that
previously obtained by Forstnericˇ and Wold for target C2 in [13], and by the author for
target C×C∗ in [19]. It is of interest to note that this result implies Corollary 1.3 holds
without any deformation of the complex structure on X , when X is the interior of a
compact bordered Riemann surface that holomorphically embeds into (C∗)2.
Section 3 contains Lemma 3.2, the main technical result required in the proof of
Theorem 4.2. Using the tools developed in Section 2 we explain how to deform a
holomorphic embedding of a neighbourhood of a compact bordered Riemann surface
L ⊂ X , where X is an open Riemann surface, so as to obtain a holomorphic embedding
of a larger compact bordered Riemann surface L′, while maintaining necessary control
on the image of L′ \ L.
In the final Section 4, we first give Lemma 4.1 demonstrating how to construct a
family of smooth embeddings Φt : X → X of an open Riemann surface X into itself,
using a sequence of diffeotopies of X that satisfies certain conditions on a compact
exhaustion ofX . Then, using Lemma 3.2 and Lemma 4.1, together with basic techniques
from Morse theory, we prove the main result of the paper, Theorem 4.2.
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2. Embedding techniques for (C∗)2
In this section we show that Forstnericˇ and Wold’s techniques [13, 22, 23] for embedding
certain open Riemann surfaces into C2 can be adapted to the target (C∗)2. These
techniques were previously shown to adapt to the target C× C∗ in the papers [17, 19].
Apart from some differences in geometry due to working in (C∗)2, the essential difference
here is that (C∗)2 is only known to have the volume density property, whereas both C2
and C × C∗ have the density property (see Definition 2.10). This necessitates some
technical changes in our arguments, compared to previous treatments. We also prove
slightly stronger versions of corresponding results in the above references, as our main
result requires continuous 1-parameter families of maps fixed on a finite set.
We begin by fixing some notation. Equip the Stein manifold (C∗)2 with the Riemann-
ian distance function d that comes from the inclusion (C∗)2 ⊂ C2. Let π1, π2 : (C
∗)2 →
C∗ denote the projection onto the first and second components of (C∗)2 = C∗ × C∗,
respectively. Given r > 0, denote by Ar the annulus
Ar = {z ∈ C : 1/(r + 1) < |z| < r + 1} ⊂ C
∗ ,
and let Pr be the set
Pr = Ar × Ar ⊂ (C
∗)2 .
For r ≤ 0, let Ar = ∅ and Pr = ∅. Taking a strictly increasing sequence of positive real
numbers rj →∞, we obtain a compact exhaustion (P rj)j∈N of (C
∗)2 by O((C∗)2)-convex
sets. (Recall that a compact set K in a complex manifold Z is said to be O(Z)-convex
if, for every x ∈ Z \K, there exists f ∈ O(Z) such that |f(x)| > ‖f‖K .)
Definition 2.1. A bordered Riemann surface L is a (not necessarily compact) 2-dimen-
sional smooth manifold with (possibly empty) boundary, equipped with a complex struc-
ture on its interior that is compatible with the given smooth structure. We denote the
boundary of L by bL and the interior by L˚ = L \ bL.
In this paper we often consider compact bordered Riemann surfaces, for which bL
consists of a finite number of components, each diffeomorphic to a circle. In this section
we also consider certain non-compact bordered Riemann surfaces, such as those resulting
from the removal of a single point from each boundary component of a compact bordered
Riemann surface (in which case bL has finitely many components, each diffeomorphic
to R).
Definition 2.2. An embedding L→ (C∗)2 of a bordered Riemann surface L is a smooth
injective immersion that is a homeomorphism onto its image, and is holomorphic on L˚.
We will mention explicitly when an embedding has the additional property of being
proper.
In later sections it will often be the case that a compact bordered Riemann surface
L is contained in an open Riemann surface X , and that an embedding L → (C∗)2 is
the restriction to L of a holomorphic embedding of an open neighbourhood U ⊂ X
containing L, but this will not be assumed here.
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Definition 2.3. Let X and Y be smooth manifolds, and let F be a set of functions
from X to Y . Let k ∈ N ∪ {∞}. We say a map f(t, x) : [0, 1]×X → Y is a C k-isotopy
of F-maps if f is of class C k in (t, x) ∈ [0, 1] × X and, for each t ∈ [0, 1], we have
f(t, ·) ∈ F . We often write ft(x) for f(t, x).
Unless mentioned otherwise, the parameter space for homotopies and isotopies is
assumed to be I = [0, 1].
The notion of an exposed point of a bordered Riemann surface embedded in C2 was
introduced in [13, Definition 4.1], and given in [19, Definition 7] for embeddings into
C× C∗. The precise notion we require here is as follows.
Definition 2.4. Let f : L → (C∗)2 be an embedding of the bordered Riemann surface
L into (C∗)2, and let p ∈ L. We say that p is an f -exposed point (or that f(p) is an
exposed point) if the complex line
π−11 (π1(f(p))) = {π1(f(p))} × C
∗ ⊂ (C∗)2
intersects f(L) only at f(p), and the intersection is transverse.
Note that this differs slightly from the definition found in [19], where π2 was used to
project onto the C∗ component of C× C∗.
The following result on exposing boundary points was proved in [13, Theorem 4.2]
for the target C2, where it was used to modify an embedding of a compact bordered
Riemann surface in C2 so that Wold’s embedding techniques could then be applied. In
[19, Theorem 5] it was shown that the result also holds for embeddings into C×C∗, and
that in that case the initial and final maps are homotopic. Here, we need the result for
embeddings into (C∗)2, together with some small additional requirements.
Proposition 2.5. Let L be a compact bordered Riemann surface. For each component
γj of bL, j = 1, . . . , m, let aj ∈ γj and let Uj be an open neighbourhood of aj in L. Let
b1, . . . , bn ∈ L \
m⋃
j=1
U j. Given an embedding f : L → (C
∗)2 and ǫ > 0, there exists a
homotopy of maps ft : L→ (C
∗)2 satisfying the following conditions.
• f0 = f .
• ft(bk) = f(bk) for all t ∈ I and all k = 1, . . . , n.
• sup
x∈L\∪m
j=1Uj
d(ft(x), f(x)) < ǫ for all t ∈ I.
• For all t ∈ I, ft restricts to an embedding of L \
m⋃
j=1
U j.
• f1 : L→ (C
∗)2 is an embedding such that all the points a1, . . . , am are f1-exposed.
Furthermore, if r > 0 is such that f(U j) ⊂ (C
∗)2 \ P r for j = 1, . . . , m, then we can
ensure that ft(U j) ⊂ (C
∗)2 \ P r for all t ∈ I and all j = 1, . . . , m. Additionally, we can
ensure that π1(f1(aj)) /∈ Ar for j = 1, . . . , m.
Proof. Directly following [13] and [19], we approximate f in the C 1 topology on L \
m⋃
j=1
Uj by an embedding F : L → (C
∗)2 such that F (bk) = f(bk) for k = 1, . . . , n and
such that the points aj , j = 1, . . . , m, are all F -exposed. The argument given in [19]
furnishes a homotopy ft : L → (C
∗)2 linking f to F , which on L \
m⋃
j=1
U j is given by
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linear interpolation. Thus ft(bk) = f(bk) for all t ∈ I and k = 1, . . . , n, and provided
the approximation of f by F was sufficiently close, all intermediate maps restrict to
embeddings of L \
m⋃
j=1
U j .
Examining the proofs in [13, 19], it is clear that, given any r > 0, we are free
to choose the points f1(aj) so that they satsify π1(f1(aj)) /∈ Ar for j = 1, . . . , m. If
f(U j) ⊂ (C
∗)2 \P r for some r > 0 and all j = 1, . . . , m, then it is clear that we may also
choose the curves λj required in the proof that link each f(aj) to f1(aj) to lie entirely
outside of P r. For each j, the image ft(U j), t ∈ I, can be constrained to lie in an
arbitrarily small neighbourhood of the set λj ∪ U j , ensuring that ft(U j) ⊂ (C
∗)2 \ P r
for all t ∈ I and all j = 1, . . . , m. 
Remark 2.6. Suppose in Proposition 2.5 that K ⊂ L˚ is a compact set such that
f(L \ K˚) ⊂ (C∗)2 \ P r for some r > 0. By the proposition we can ensure that ft
uniformly approximates f sufficiently closely on L \
m⋃
j=1
Uj so that, together with the
control over ft(U j), we have ft(L \ K˚) ⊂ (C
∗)2 \ P r for all t ∈ I. This will be essential
in the proof of Lemma 3.2.
The C-nice projection property concerns properties of a collection unbounded curves
embedded in C2 or C× C∗ after being projected onto C, and was first stated explicitly
in [16, Definition 2.1], following its implicit use in [22, Lemma 2.1] and [23, Lemma 1].
An additional, necessary, condition was added to the definition in [19, Definition 1]. We
require a variant called the C∗-nice projection property, given in [17, Definition 2], in
which curves embedded in C× C∗ or (C∗)2 are projected onto C∗. For the convenience
of the reader, we include the definition from [17], stated for curves in (C∗)2.
Definition 2.7. Let γ1, . . . , γm : R → (C
∗)2 be pairwise disjoint, smoothly embedded
curves in (C∗)2. For j = 1, . . . , m, let Γj ⊂ (C
∗)2 be the image of γj, and set Γ =
m⋃
j=1
Γj.
We say that the collection γ1, . . . , γm has the C
∗-nice projection property if there is a
holomorphic automorphism α ∈ Aut((C∗)2) such that, if βj = α ◦ γj and Γ
′ = α(Γ), the
following conditions hold.
(1) For every compact set K ⊂ C∗ there exists s > 0 such that π2(βj(t)) /∈ K for all
|t| > s and all j = 1, . . . , m.
(2) There exists M > 0 such that for all r ≥M :
(a) C∗ \ (π2(Γ
′) ∪ Ar) does not contain any relatively compact connected com-
ponents.
(b) π2 is injective on Γ
′ \ π−12 (Ar).
Note that condition (1) above states that each map π2◦βj is proper into C
∗, and thus
each curve βj a proper embedding of R into (C
∗)2. The definition is clearly independent
of the particular parameterisations, so we may also refer to the set Γ as having the
C∗-nice projection property.
Proposition 2.8. Let L, γj, aj, Uj, and bk be as in Proposition 2.5. Let f : L→ (C
∗)2
be an embedding such that each point aj ∈ γj is f -exposed, j = 1, . . . , m. Given ǫ > 0,
there exists a homotopy of embeddings ft : L \ {a1, . . . , am} → (C
∗)2 satisfying the
following conditions.
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• f0 = f |L\{a1,...,am}.
• π1 ◦ ft = π1 ◦ f |L\{a1,...,am} for all t ∈ I.
• ft(bk) = f(bk) for all t ∈ I and all k = 1, . . . , n.
• sup
x∈L\∪m
j=1Uj
d(ft(x), f(x)) < ǫ for all t ∈ I.
• f1(bL \ {a1, . . . , am}) possesses the C
∗-nice projection property.
Proof. Because each aj is an f -exposed point in the boundary of the compact bordered
Riemann surface L, it follows that every neighbourhood of π1(f(aj)) contains a point
αj ∈ C
∗ \ π1(f(L)). For each j = 1, . . . , m, denote the compact line segment from
π1(f(aj)) to αj by Jj ⊂ C
∗. We may then assume that Jj \ {π1(f(aj))} ⊂ C
∗ \ π1(f(L))
for each j. Furthermore, we can choose the argument of αj − π1(f(aj)) to be any value
in the interval (θj − π/2, θj + π/2), where θj is the argument of the outward normal to
π1(f(γj)) at π1(f(aj)).
Define an isotopy of biholomorphic maps g˜t on (C
∗)2 \ ({J1, . . . , Jm} × C
∗) starting
at the identity by
g˜t(z, w) =
(
z, w ·
m∏
j=1
(
1− t
αj − π1(f(aj))
z − π1(f(aj))
))
, t ∈ I .
Let f˜t = g˜t ◦ f |L\{a1,...,am}. Each f˜t is then an embedding of L \ {a1, . . . , am} into
(C∗)2 and for t > 0 the curves f˜t(γj \ {aj}) all have unbounded second component. By
choosing each αj sufficiently close to π1(f(aj)) we can ensure that the family f˜t uniformly
approximates f on L \
m⋃
j=1
Uj . A generic choice of argument for each αj − π1(f(aj))
then ensures the C∗-nice projection property is satisfied by the collection of curves
f˜1(γj \ {aj}), j = 1, . . . , m.
It remains to explain how to adjust the values at the points bk without destroying the
properties already established above. To do this, we solve eht(z)
m∏
j=1
(
1− t
αj−pi1(f(aj ))
z−pi1(f(aj ))
)
=
1 at the points z = π1(f(b1)), . . . , π1(f(bn)) for some suitable continuous family ht ∈
O(C). First note that for k = 1, . . . , n there exist values ht(π1(f(bk))), all close to 0,
that solve the above equation and depend continuously on t ∈ I. Let ht ∈ O(C) be a
continuous family of polynomials interpolating these values for each t ∈ I, with h0 = 0.
By choosing the αj sufficiently close to π1(f(aj)), the required values ht(π1(f(bk))) are
in turn so close to 0 that ht can be made arbitrarily small, uniformly in t, on a large
disc containing π1(f(L)) ⊂ C
∗ ⊂ C. Defining
gt(z, w) =
(
z, w · eht(z)
m∏
j=1
(
1− t
αj − π1(f(aj))
z − π1(f(aj))
))
, t ∈ I .
and ft = gt ◦ f , we obtain the desired family of maps. 
Remark 2.9. A similar statement to Remark 2.6 also applies to Proposition 2.8. That
is, suppose thatK ⊂ L˚ is a compact set such that f(L\K˚) ⊂ (C∗)2\P r for some r > 0. If
we also suppose that π1(f(U j)) ⊂ C
∗ \Ar for j = 1, . . . , m, then the fact that the family
ft uniformly approximates f on L\
m⋃
j=1
Uj , together with the fact that π1(ft(U j \{aj})) =
8
π1(f(U j\{aj})) for all t ∈ I, ensures that we have ft(L\({a1, . . . , am}∪K˚)) ⊂ (C
∗)2\P r
for all t ∈ I.
Let Z be a complex manifold equipped with a holomorphic volume form ω (that is,
a non-vanishing holomorphic differential form of degree dimZ), and let D ⊂ Z be an
open set. A holomorphic map φ : D → Z is said to be volume preserving if it satisfies
φ∗ω = ω on D. Given a holomorphic vector field V on Z, its divergence with respect to
ω is the holomorphic function divω V on Z that satisfies
LV ω = divω V · ω ,
where LV ω is the Lie derivative of ω along V . If we let φt denote the flow of V , t ∈ C, it
is easy to see that φt is volume preserving on Z if and only if divω V = 0, in which case
we say that V is divergence free. The divergence free holomorphic vector fields form a
Lie subalgebra of the Lie algebra of all holomorphic vector fields on Z.
Recall that a vector field V on Z is said to be complete if its flow φt(x) exists for
all t ∈ C, for all x ∈ Z. Note that if φt(x) is the flow of a complete (divergence
free) holomorphic vector field on Z then for every t ∈ C, φt(·) : Z → Z is a (volume
preserving) holomorphic automorphism of Z.
Based on the preceding observations, the following notion was introduced by Varolin
in [20, 21], generalising a property previously shown by Anderse´n [2] to hold for Cn,
n ≥ 1, with holomorphic volume form ω = dz1 ∧ · · · ∧ dzn.
Definition 2.10. Let Z be a complex manifold with holomorphic volume form ω. We
say Z has the volume density property if the Lie algebra generated by the complete
divergence free holomorphic vector fields on Z is dense in the Lie algebra of all divergence
free holomorphic vector fields on Z, in the compact open topology.
A closely related notion is that of the density property, which parallels the above
definition except that we omit the words ‘divergence free’. Anderse´n and Lempert proved
in [3] that Cn has the density property for all n ≥ 2, and consequently showed that for
n ≥ 2 the group Aut(Cn) of holomorphic automorphisms of Cn is sufficiently large that
certain injective holomorphic maps of starshaped domains in Cn can be approximated
by automorphisms of Cn. They also proved a corresponding result on the approximation
of injective volume preserving holomorphic maps by volume preserving automorphisms
of Cn. These results, known collectively as the Anderse´n-Lempert theorem, were further
developed by Forstnericˇ and Rosay [9, 10], who proved the approximation of isotopies
of injective (volume preserving) holomorphic maps on more general subsets of Cn by
isotopies of (volume preserving) automorphisms of Cn. In [20] Varolin observed that the
same arguments give the Anderse´n-Lempert theorem on any Stein manifold with the
(volume) density property.
The fact that (C∗)2 has the volume density property with respect to the volume form
ω = (zw)−1dz∧dw was established by Varolin in [21]. It is still not known whether (C∗)2
has the density property. We therefore require the following version of the Anderse´n-
Lempert theorem for Stein manifolds with the volume density property. A detailed proof
of the corresponding result for Stein manifolds with the density property was given in
[19, Appendix]; that proof adapts immediately to the volume preserving situation in a
standard manner, as explained in [10] (see also Remark (2.12).
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Theorem 2.11. Let Z be an n-dimensional Stein manifold with the volume density
property. Let Ω ⊂ Z be an open set satisfying Hn−1(Ω;C) = 0, and let φt : Ω → Z
be a C 1-isotopy of volume preserving injective holomorphic maps such that φ0 is the
inclusion Ω →֒ Z. Suppose K ⊂ Ω is a compact set such that φt(K) is O(Z)-convex
for all t ∈ I. Then, given ǫ > 0, there exists a continuous family σt, t ∈ I, of volume
preserving holomorphic automorphisms of Z such that supx∈K d(σt(x), φt(x)) < ǫ for all
t ∈ I, where d is any Riemannian distance function on Z.
Remark 2.12. The cohomological assumption Hn−1(Ω;C) = 0 in the statement of
Theorem 2.11 is sufficient, but not necessary. As explained in [10], the isotopy φt is the
flow of a time-dependent divergence free vector field Xt defined on Ωt = φt(Ω), to which
we may associate a closed holomorphic (n− 1)-form αt on Ωt using the pairing induced
by ω. The cohomological assumption then implies that αt is exact, and the argument
proceeds. However, if the isotopy φt restricts to the inclusion on some connected com-
ponent Ω′ of Ω then it suffices to take αt = 0 on Ω
′, which is trivially exact. Thus we
only require Hn−1(Ω˜;C) = 0 on those components Ω˜ of Ω where φt is not the inclusion.
The following technical lemma is the main ingredient in Wold’s method for embed-
ding Riemann surfaces, and was first proved by Wold [23, Lemma 1] for a collection
of curves in C2 with the C-nice projection property. In [19, Lemma 4] the proof was
adapted to work for curves in C × C∗ with the C-nice projection property, and in [17,
Lemma 3] for curves with the C∗-nice projection property (still in C × C∗). Here, we
state the result for curves in (C∗)2 with an additional condition on fixing finitely many
points, and explain the necessary changes in the proof.
Lemma 2.13. Let K ⊂ (C∗)2 be an O((C∗)2)-convex compact set and let γ1, . . . , γm be
pairwise disjoint, smoothly embedded curves in (C∗)2 satisfying the C∗-nice projection
property (Definition 2.7). Let Γj be the image of γj, j = 1, . . . , m, and set Γ =
m⋃
j=1
Γj.
Suppose that K ∩ Γ = ∅, and let q1, . . . , qn ∈ (C
∗)2 \ Γ. Then, given R > 0 and ǫ > 0,
there exists a continuous family of automorphisms θt ∈ Aut((C
∗)2), t ∈ I, satisfying the
following conditions.
• θ0 = id(C∗)2.
• supx∈K d(θt(x), x) < ǫ for all t ∈ I.
• θt(qk) = qk for k = 1, . . . , n, for all t ∈ I.
• θ1(Γ) ⊂ (C
∗)2 \ PR.
Before proving Lemma 2.13, we give the following result that will be required in the
proof.
Lemma 2.14. Let γ : [0, 1]→ (C∗)2 be a smoothly embedded compact curve with image
Γ = γ([0, 1]). Equip (C∗)2 with the standard volume form ω = (zw)−1dz ∧ dw. Let
p ∈ Γ, and fix open neighbourhoods V of Γ and W of p. Then there exists an open
neighbourhood U ⊂ V of Γ and a C 1-isotopy of injective holomorphic maps χt : U → V
satisfying the following properties.
• χ0 is the inclusion U →֒ V .
• χ1(Γ) ⊂W .
• χ∗tω = ω for all t ∈ I.
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Proof. Let p′ = γ−1(p) ∈ [0, 1]. Using a t-linear contraction that keeps p′ fixed, define
a C∞-isotopy of smooth embeddings ψ′t : [0, 1] → [0, 1] that starts at the identity map
and satisfies ψ′1([0, 1]) ⊂ γ
−1(W ). Then ψt = γ ◦ ψ
′
t ◦ γ
−1 : Γ → Γ is a C∞-isotopy of
smooth embeddings, starting at the identity, such that ψ1(Γ) ⊂W .
We now wish to apply Theorem 1.7 from [8] (see also the remark following that the-
orem regarding totally real submanifolds with boundary). Thinking of ψt as a family
of maps into (C∗)2, and then noting that ψ∗tω = 0 for all t, we see that ψt is a totally
real ω-flow of class C∞ in the terminology of [8]. Although the result [8, Theorem 1.7]
is given for ω the standard volume form on Cn, its proof only requires that ω be closed
(see also the remark preceding the statement of Theorem 1.7 in [8]) and that ω induces
via contraction a non-degenerate pairing between holomorphic (n− 1)-forms and holo-
morphic vector fields. The proof thus also applies in the current situation. We may
therefore approximate ψt on Γ, uniformly in t, by a C
1-isotopy of injective holomorphic
maps χt : U → (C
∗)2 defined on a small neighbourhood U of Γ, such that χ0 is the
inclusion and χ∗tω = ω for all t. Note that as the approximation improves, the size of
the neighbourhood U in general decreases. Provided the approximation is sufficiently
close, and after possibly shrinking U about Γ, the family χt satisfies all conclusions of
the lemma. 
Proof of Lemma 2.13. We follow the proofs given in [17, Lemma 3] and [19, Lemma 4]
for curves in the complex manifold C× C∗, which has the density property, explaining
the required changes due to our ambient manifold being (C∗)2 and having instead the
volume density property.
As in the cited references, we may assume that the automorphism in Definition 2.7
has already been applied, so that the conditions of the C∗-nice projection property hold
directly for the curves γ1, . . . , γm. Since the union of an O((C
∗)2)-convex set with finitely
many points is still O((C∗)2)-convex, we may assume that q1, . . . , qn ∈ K. We show how
to obtain all the conditions except for fixing the points q1, . . . , qn, which is a standard
addition that we explain at the end.
Let K ′ be a slightly larger O((C∗)2)-convex compact set that contains K in its
interior, such that we still have K ′ ∩ Γ = ∅. Increasing R if necessary, we may assume
that R ≥ M , where M is determined by the C∗-nice projection property for γ1, . . . , γm.
We may also assume that K ′ ⊂ C∗ × AR and γj(0) ∈ C
∗ × AR for j = 1, . . . , m.
Choose some R′ > R. Let Γ˜ = Γ ∩ (C∗ × AR′) = (π2|Γ)
−1(AR′). By the C
∗-nice
projection property, Γ˜ is compact and consists of precisely m components Γ˜1, . . . , Γ˜m,
each Γ˜j = Γj ∩ (C
∗ × AR′) a smoothly embedded compact curve. We first show how to
use Theorem 2.11 to construct a continuous family of volume preserving automorphisms
αt ∈ Aut((C
∗)2) starting at the identity and satisfying the following conditions.
(1) supx∈K ′ d(αt(x), x) < ǫ/2 for all t ∈ I.
(2) α1(Γ˜) ⊂ (C
∗)2 \ PR.
Let U0 be a neighbourhood of K
′ disjoint from Γ˜. For j = 1, . . . , m choose a point
pj ∈ Γ˜j satisfying pj /∈ C
∗×AR. Applying Lemma 2.14 to each compact embedded curve
Γ˜j gives C
1-isotopies of injective volume preserving holomorphic maps χj,t : Uj → (C
∗)2,
where each Uj is a small open neighbourhood of Γ˜j, such that each χj,0 is the inclusion
and χj,1(Γ˜j) ⊂ (C
∗)2 \ (C∗ × AR) for j = 1, . . . , m. By Lemma 2.14 we can also ensure
that the sets U0, χ1,t(U1), . . . , χm,t(Um) are pairwise disjoint for all t ∈ I. Noting that the
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disjoint union of K ′ with finitely many embedded compact curves is O((C∗)2)-convex
(see [19, Lemma 3]), we now apply Theorem 2.11 to the C 1-isotopy of injective volume
preserving holomorphic maps defined on U0 ∪U1 ∪ · · · ∪Um that equals the inclusion on
U0 for all t ∈ I, and equals χj,t on Uj, j = 1, . . . , m, thereby obtaining the desired family
αt ∈ Aut((C
∗)2). In doing so, we may assume that U1, . . . , Um are all contractible and,
as explained in Remark 2.12, we do not require any cohomological assumptions on U0,
where we approximate the inclusion.
Now let Γ′ = Γ ∩ (C∗ × AR). Although the automorphism α1 moves all of Γ˜, and
hence all of Γ′ ⊂ Γ˜, outside of PR, it may move parts of Γ \ Γ
′ into PR that were
not there before. By following the arguments in [17, 19] (with the obvious modifications
necessary due to working in (C∗)2 rather than C×C∗) we construct a continuous family of
automorphisms βt ∈ Aut((C
∗)2) starting at the identity, given by βt(z, w) = (ze
tg(w), w),
where g ∈ O(C∗) is obtained by a suitable application of Mergelyan’s theorem. Here,
we make use of special shear automorphisms of (C∗)2 to give an explicit formula for the
family βt, which has the following properties.
(1) sup
x∈K∪Γ′
d(βt(x), x) < ǫ/2 for all t ∈ I.
(2) β1(Γ) ∩ α
−1
1 (PR) = ∅.
After possibly shrinking ǫ further, the approximation of the identity by βt is sufficiently
good on K ∪ Γ′ that the composition θt = αt ◦ βt satisfies all the required conditions,
except for fixing the points q1, . . . , qn.
To ensure that each θt(qk) = qk for k = 1, . . . , n, begin by assuming the points qk are
in generic position, in the sense that πi(qk) 6= πi(qk′) for 1 ≤ k < k
′ ≤ m and i = 1, 2.
(If this is not the case, then we can make it so by conjugating by a composition of shear
automorphisms of (C∗)2 that approximates the identity uniformly on a large compact
set.) By shrinking ǫ if necessary, the above argument yields a family θt ∈ Aut((C
∗)2)
sufficiently close to the identity on K that the points θt(qk), k = 1, . . . , n, remain in
generic position for all t ∈ I (recall that we assume q1, . . . , qn ∈ K). Following the
argument at the end of the proof of Proposition 2.8, we then construct a continuous
family of shear automorphisms µt ∈ Aut((C
∗)2), starting at the identity automorphism,
that adjusts the second coordinate of each point qk (depending on the first coordinate
only) so that π2(µt◦θt(qk)) = π2(qk) for all t ∈ I. Similarly, we construct νt ∈ Aut((C
∗)2)
to adjust the first coordinates, giving π1(νt◦µt◦θt(qk)) = π1(qk) for all t ∈ I. Noting that
νt is the identity in the second component, we have νt ◦ µt ◦ θt(qk) = qk for k = 1, . . . , n.
By shrinking ǫ sufficiently small, we ensure that both µt and νt may approximate the
identity sufficiently closely on a large compact set that the family νt◦µt◦θt ∈ Aut((C
∗)2)
satisfies all conclusions of the theorem. 
At this point we wish to remark that, given the above lemma, the proof of the Wold
embedding theorem given in [19, Theorem 1] applies without change in the current sit-
uation, giving the corresponding Wold embedding theorem for (C∗)2. The same remark
applies to [19, Lemma 6] on the homotopy class of the resulting embedding. Com-
bined with Propositions 2.5 and 2.8 above we obtain the following version of Forstnericˇ
and Wold’s result on properly embedding the interior of a compact bordered Riemann
surface (see [13, Corollary 1.2] and [19, Theorem 4]).
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Theorem 2.15. Let L be a compact bordered Riemann surface and f : L→ (C∗)2 be an
embedding. Then f can be approximated, uniformly on compact subsets of L˚, by proper
embeddings L˚→ (C∗)2 that are homotopic to f |L˚.
3. Enlarging the domain of an embedding with control over the image
Let X be an open Riemann surface containing a compact bordered Riemann surface
L ⊂ X . Given a continuous map of X into (C∗)2 that restricts to a holomorphic
embedding in a neighbourhood of L (see Definition 2.2), we now use the results from
the previous section to deform the map to a holomorphic embedding of a slightly larger
compact bordered Riemann surface L′ that contains L in its interior, with certain control
over the images of bL′ and L′ \ L˚. This will in turn allow us to construct proper
embeddings in the following section. This idea was introduced by Alarco´n and Lo´pez in
their recent paper [1]. We make the following definition.
Definition 3.1. Let X be a smooth manifold. A diffeotopy of X is a C∞-isotopy
σt : X → X of smooth diffeomorphisms of X such that σ0 = idX .
Lemma 3.2. Let X be an open Riemann surface and L ⊂ X be a compact bordered
Riemann surface. Let f : X → (C∗)2 be a continuous map that restricts to a holomorphic
embedding of an open neighbourhood of L and satisfies f(bL) ⊂ (C∗)2\P r for some r > 0.
Given an open neighbourhood U of bL, a discrete set S ⊂ X satisfying S ∩ bL = ∅,
ǫ > 0, and R > r, there exists a compact bordered Riemann surface L′ ⊂ X containing
L in its interior, a homotopy of continuous maps ft : X → (C
∗)2, and a diffeotopy σt
of X together satisfying the following properties.
(1) f0 = f .
(2) There exists an open neighbourhood of L on which ft : X → (C
∗)2 restricts to a
holomorphic embedding for all t ∈ I.
(3) supx∈L d(ft(x), f(x)) < ǫ for all t ∈ I.
(4) ft|S = f |S for all t ∈ I.
(5) f1 : X → (C
∗)2 restricts to a holomorphic embedding of an open neighbourhood
of L′.
(6) f1(bL
′) ⊂ (C∗)2 \ PR.
(7) f1(L
′ \ L˚) ⊂ (C∗)2 \ P r.
(8) σ1(L
′) = L.
(9) σt restricts to the identity on X \ U , for all t ∈ I.
Proof. Let r′ > r be chosen slightly larger so that we still have f(bL) ⊂ (C∗)2 \ P r′.
Since S is discrete and disjoint from bL, we may shrink U about bL so that S ∩U = ∅.
Note that by property (9) this will ultimately ensure that σt is the identity on a fixed
neighbourhood of S. We may also assume that U is sufficiently small so that f restricts
to a holomorphic embedding on L∪U and that f(U) ⊂ (C∗)2\P r′. By further shrinking
U we can assume that L has a smooth defining function τ : U → R without critical
points such that L∩U = {τ ≤ 0}. (To see this, note that since X is 1-dimensional, L is
trivially strictly pseudoconvex, and therefore has a global defining function for the entire
boundary.) Scaling τ by a positive constant we obtain a family Lt = L∪{τ ≤ t}, t ∈ I,
of compact bordered Riemann surfaces with boundaries in U such that L = L0 and
Lt ⊂ L˚t′ for 0 ≤ t < t
′ ≤ 1, and Lt is O(L˚t′)-convex. Furthermore, using the negative
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gradient flow of τ multiplied by a suitable cutoff function with support in U , we obtain
a diffeotopy σt of X that equals the identity outside of U and satisfies σt(Lt) = L0 for all
t ∈ I (this is a standard argument in Morse theory, see for example [18, Theorem 3.1]).
Consider the compact bordered Riemann surface L1. Recall that f restricts to an
embedding on L ∪ U , and is therefore an embedding of an open neighbourhood of
L1. For each boundary component γj of L1, j = 1, . . . , m, choose a point aj ∈ γj.
For each j = 1, . . . , m, let Uj be a neighbourhood of aj in X that does not meet L
and such that f(U j) ⊂ (C
∗)2 \ P r′. Since S is discrete it meets L1 in finitely many
points, S ∩ L1 = S ∩ L = {b1, . . . , bn} (recall that S does not meet U). We now apply
Proposition 2.5 to obtain a homotopy ft : L1 → (C
∗)2 satisfying the following conditions.
• f0 = f |L1.
• ft(bk) = f(bk) for all t ∈ I and all k = 1, . . . , n.
• supx∈L d(ft(x), f(x)) < ǫ/3 for all t ∈ I.
• ft(L1 \ L˚) ⊂ (C
∗)2 \ P r′ for all t ∈ I (see Remark 2.6).
• For all t ∈ I, ft restricts to a holomorphic embedding of some fixed open neigh-
bourhood of L.
• f1 : L1 → (C
∗)2 is a holomorphic embedding such that a1, . . . , am are f1-exposed.
• π1(f1(aj)) /∈ Ar′ for j = 1, . . . , m.
If necessary, shrink the sets Uj so that π1(f1(U j)) ⊂ C
∗ \ Ar′ for j = 1, . . . , m.
We next apply Proposition 2.8 to the embedding f1 : L1 → (C
∗)2, giving a homotopy
gt : L1 \ {a1, . . . , am} → (C
∗)2 satisfying the following conditions.
• g0 = f1|L1\{a1,...,am}.
• gt(bk) = f1(bk) = f(bk) for all t ∈ I and all k = 1, . . . , n.
• supx∈L d(gt(x), f1(x)) < ǫ/3 for all t ∈ I.
• gt(L1 \ ({a1, . . . , am} ∪ L˚)) ⊂ (C
∗)2 \ P r′ for all t ∈ I (see Remark 2.9).
• For all t ∈ I, gt restricts to a holomorphic embedding of some fixed open neigh-
bourhood of L.
• g1 : L1 \ {a1, . . . , am} → (C
∗)2 is a holomorphic embedding such that g1(bL1 \
{a1, . . . , am}) satisfies the C
∗-nice projection property.
Now note that g1(L˚1) ⊂ (C
∗)2 is a (non-properly) embedded open Riemann surface
that is the interior of the embedded bordered Riemann surface g1(L1 \ {a1, . . . , am}), all
of whose boundary components are unbounded curves. Since L ⊂ X is O(L˚1)-convex
and g1(bL)∩P r′ = ∅, it is well known that g1(L)∪P r′ ⊂ (C
∗)2 is O((C∗)2)-convex (see
for example the proof of [22, Proposition 3.1] or [19, Lemma 5]). We may therefore apply
Lemma 2.13 to the set g1(L) ∪ P r′, the curves g1(bL1 \ {a1, . . . , am}), and the points
g1(bk) = f(bk), k = 1, . . . , n, to obtain a continuous family θt ∈ Aut((C
∗)2) satisfying
the conditions as stated in the lemma. In particular, note that if the approximation
of the identity by θt is sufficiently close on P r′ then no points from outside P r′ are
moved into P r by θt, that is, we have θt((C
∗)2 \ P r′) ⊂ (C
∗)2 \ P r for all t ∈ I. Thus
θt(g1(L1 \ ({a1, . . . , am} ∪ L˚))) ⊂ (C
∗)2 \ P r for all t ∈ I. Letting ht = θt ◦ g1 :
L1 \ {a1, . . . , am} → (C
∗)2, we see that the following properties hold for ht.
• h0 = g1.
• ht(bk) = g1(bk) = f(bk) for all t ∈ I and all k = 1, . . . , n.
• supx∈L d(ht(x), g1(x)) < ǫ/3.
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• For all t ∈ I, ht restricts to a holomorphic embedding of some fixed open neigh-
bourhood of L.
• h1 : L1 \ {a1, . . . , am} → (C
∗)2 is a holomorphic embedding.
• h1(L1 \ ({a1, . . . , am} ∪ L˚)) ⊂ (C
∗)2 \ P r.
• h1(bL1 \ {a1, . . . , am}) ⊂ (C
∗)2 \ PR.
We now combine the three homotopies ft|L1\{a1,...,am}, gt, and ht into a single ho-
motopy by matching at corresponding endpoints, and then reparameterise to obtain a
single homotopy that we denote by f˜t : L1 \ {a1, . . . , am} → (C
∗)2, t ∈ I.
Consider Lt′ ⊂ L˚1 for some suitably chosen t
′ < 1 very close to 1 and let L′ = Lt′ .
By taking t′ sufficiently close to 1, we can ensure that f˜1(bL
′) ⊂ (C∗)2 \ PR. Now
let χ : X → [0, 1] be a smooth cutoff function with support in L˚1 that equals 1 in a
neighbourhood of L′. Let ft(x) = f˜χ(x)·t(x). Since f˜0 = f |L1\{a1,...,am}, we may extend ft
outside of the support of χ by the initial function f : X → (C∗)2 to obtain a homotopy
of continuous maps that we still denote by ft : X → (C
∗)2. Reparameterising σt so that
σ1(L
′) = L0 = L, we see that L
′, ft, and σt satisfy all conclusions of the lemma. 
4. Main theorem
Before stating our main result we give the following lemma, which illustrates how we
will construct a C∞-isotopy of smooth embeddings Φt : X → X of the open Riemann
surface X into itself, as required in Theorems 1.1 and 4.2.
Lemma 4.1. Let X be a smooth manifold. Let K0 ⊂ K1 ⊂ . . . and L0 ⊂ L1 ⊂ . . . be
increasing sequences of compact sets in X such that Kj ⊂ K
◦
j+1 and Lj ⊂ L
◦
j+1 for all
j = 0, 1, . . . . Let M =
∞⋃
j=0
Kj and N =
∞⋃
j=0
Lj. Suppose that there exists a sequence of
diffeotopies φj,t : X → X, t ∈ I, j = 0, 1, . . . (see Definition 3.1) such that the following
conditions hold.
(1) φj,1(Kj) = Lj for j = 0, 1, . . . .
(2) Lj−1 ⊂ φj,1(Kj−1) for j = 1, 2, . . . .
(3) φj+1,t(x) = φj,t(x) for all x ∈ Kj−1 and all t ∈ I, for j = 1, 2, . . . .
Then Φt : M → X defined by
Φt(x) = lim
j→∞
φj,t(x), x ∈M, t ∈ I,
gives a C∞-isotopy of smooth embeddings of M into X such that Φ0 is the inclusion
M →֒ X and Φ1(M) = N .
Proof. First note that both M and N are open submanifolds of X . If M is empty
the lemma is vacuous, so assume M 6= ∅. It is clear that Φt is a well-defined smooth
isotopy of injective immersions of M , which are then necessarily embeddings since the
dimensions of the source and target agree. Let x ∈M , so that x ∈ Kj for some j. Then
Φ1(x) = φj+1,1(x) ∈ φj+1,1(Kj+1) = Lj+1 ⊂ N .
Conversely, let y ∈ N . For some j we then have, applying condition (2),
y ∈ Lj ⊂ φj+1,1(Kj) = Φ1(Kj) ⊂ Φ1(M) ,
thereby completing the proof. 
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We now state and prove our main theorem. We apply the preceding lemma in the
case that X is an open Riemann surface and
∞⋃
j=0
Kj = X to obtain a C
∞-isotopy of
smooth embeddings Φt : X → X such that Φ1(X) properly holomorphically embeds
into (C∗)2.
Theorem 4.2. Let X be an open Riemann surface, K ⊂ X be an O(X)-convex compact
set, and S ⊂ X be a discrete set. Let f : X → (C∗)2 be a continuous map that
restricts to a holomorphic embedding of some open neighbourhood of K, and such that
f |S : S → (C
∗)2 is a proper injection. Given ǫ > 0, there exists a C∞-isotopy of
smooth embeddings Φt : X → X, t ∈ I, and a continuous family of continuous maps
ft : Φt(X)→ (C
∗)2, t ∈ I, satisfying the following conditions.
(1) Φ0 = idX .
(2) Φt|V = idV for all t ∈ I, for some fixed open neighbourhood V ⊂ X of K ∪ S.
(3) f0 = f : X → (C
∗)2.
(4) ft|U : U → (C
∗)2 is a holomorphic embedding for all t ∈ I, for some fixed open
neighbourhood U ⊂ V of K.
(5) sup
x∈K
d(ft(x), f(x)) < ǫ for all t ∈ I.
(6) ft|S = f |S for all t ∈ I.
(7) f1 : Φ1(X)→ (C
∗)2 is a proper holomorphic embedding.
Proof. First note that ifK = ∅ we may deform f on a neighbourhood of a small compact
disc D ⊂ X \S to a map that restricts to a holomorphic embedding on a neighbourhood
of D, without changing the values of f on S. Thus we may assume that K 6= ∅.
We now proceed to first prove the result in the case that S = ∅. Following this, we
explain the necessary additions and modifications required when S 6= ∅.
Suppose S = ∅. Let W be an open neighbourhood of K on which f restricts to a
holomorphic embedding f |W : W → (C
∗)2. Since X is a 1-dimensional Stein manifold,
there exists a smooth strictly subharmonic exhaustion function ρ : X → R such that
K ⊂ {ρ < 0} and X \W ⊂ {ρ > 0}. Without loss of generality we may assume that ρ is
a Morse function with 0 as a regular value, and that the preimage of every critical value
of ρ contains a single critical point. Letting K0 = {ρ ≤ 0}, we have K ⊂ K˚0 ⊂ K0 ⊂W ,
so that f still restricts to an embedding of an open neighbourhood of K0.
Let p1, p2, . . . be the critical points of ρ outside K0, ordered so that ρ(p1) < ρ(p2) <
. . . . Let 0 = c0 < c1 < c2 < . . . be a sequence of regular values of ρ with lim
j→∞
cj = ∞,
chosen so that c2j−1 < ρ(pj) < c2j for j = 1, 2, . . . . (If ρ has only finitely many critical
points p1, . . . , pn, choose the tail c2n+1, c2n+2, . . . arbitrarily so that lim
j→∞
cj =∞.) Letting
Kj = {ρ ≤ cj}, each Kj is then an O(X)-convex compact bordered Riemann surface
satisfying Kj ⊂ K˚j+1, and we have
∞⋃
j=0
Kj = X .
Choose a regular value c−1 < 0 of ρ and set K−1 = {ρ ≤ c−1}. By taking c−1
sufficiently close to 0, we may assume K ⊂ K˚−1 ⊂ K−1 ⊂ K˚0. We now construct
an increasing sequence of compact bordered Riemann surfaces L−1 ⊂ L0 ⊂ L1 ⊂ . . .
with Lj−1 ⊂ L
◦
j for all j = 0, 1, . . . , a sequence of smooth diffeotopies φj,t : X → X ,
j = 0, 1, . . . , and a sequence of homotopies of continuous maps fj,t : X → (C
∗)2, t ∈ I,
16
j = 0, 1, . . . , such that the following conditions hold for all j = 0, 1, . . . (provided that
they make sense).
(i) φj,1(Kj) = Lj .
(ii) Lj−1 ⊂ φj,1(Kj−1).
(iii) φj,t(x) = φj−1,t(x) for all x ∈ Kj−2 and all t ∈ I.
(iv) fj,0 = fj−1,1.
(v) sup
x∈Lj−1
d(fj,t(x), fj,0(x)) < ǫj for some small ǫj > 0 to be specified, for all t ∈ I.
(vi) There exists a neighbourhood of Lj−1 on which fj,t : X → (C
∗)2 restricts to a
holomorphic embedding for each t ∈ I.
(vii) There exists a neighbourhood of Lj on which fj,1 : X → (C
∗)2 restricts to a
holomorphic embedding.
(viii) fj,1(bLj) ⊂ (C
∗)2 \ P j .
(ix) fj,1(Lj \ L˚j−1) ⊂ (C
∗)2 \ P j−1.
Assuming this construction complete, we now show that the theorem holds. Let
Φt = lim
j→∞
φj,t. By Lemma 4.1 and conditions (i)–(iii), Φt : X → X is a C
∞-isotopy of
smooth embeddings satisfying Φ0 = idX and Φ1(X) =
∞⋃
j=0
Lj . We will shortly see that
for j = 0 we may choose φ0,t = idX for all t ∈ I. Then the fact that K ⊂ K˚−1, together
with property (iii), gives condition (2) of the theorem with V = K˚−1.
We will also see that we have f0,0 = f . At each step j = 0, 1, . . . we reparametrise
the family fj,t by scaling t ∈ I so that we instead have t ∈ 2
−(j+1)I. Glue together
each pair of homotopies fj−1,t and fj,t at the matching endpoints fj−1,2−j = fj,0 so as
to obtain a continuous family of continuous maps ft : X → (C
∗)2, t ∈ [0, 1). Assuming
that the ǫj are sufficiently small, properties (v) and (vii) show that ft converges as t→ 1
locally uniformly on
∞⋃
j=0
Lj = Φ1(X) to a holomorphic map F : Φ1(X) → (C
∗)2. For
each t ∈ [0, 1), restrict ft to Φt(X) ⊂ X . Setting f1 = F we obtain a continuous family
of continuous maps ft : Φt(X)→ (C
∗)2 such that f1 is holomorphic.
Taking L−1 = K−1, as we shall do, and recalling thatK ⊂ K˚−1, property (vi) ensures
that condition (4) in the theorem holds for t ∈ [0, 1). If the ǫj > 0 are chosen sufficiently
small, then property (v) ensures that condition (5) holds for all t ∈ I.
For each j, fj,2−(j+1) = fj+1,0 is a holomorphic embedding of a neighbourhood of Lj
by property (vii). Choosing the ǫj sufficiently small ensures that for each j, the uniform
limit f1 is sufficiently close to fj+1,0 on Lj to ensure that f1 restricts to a holomorphic
embedding of a neighbourhood of the smaller compact set Lj−1. Thus f1 is a holomorphic
embedding of
∞⋃
j=0
Lj = Φ1(X). Again, by taking the ǫj sufficiently small, condition (ix)
ensures that f1(Lj \ L˚j−1) ⊂ (C
∗)2 \P j−1 holds for all j = 0, 1, . . . , implying that f1 is a
proper map. This completes the proof when S = ∅, assuming conditions (i)–(ix) hold.
Let us now show that the conditions above can be ensured for j = 0. We let
φ0,t = idX for all t ∈ I, and set L−1 = K−1, L0 = K0. Conditions (i) and (ii) hold,
while (iii) is vacuous. Letting f0,t = f for t ∈ I and recalling that f is an embedding in
a neighbourhood of K0 gives conditions (v)–(vii), while conditions (iv), (viii), and (ix)
are vacuous.
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Now fix some j > 0 and suppose the conditions are satisfied for j − 1. Further
suppose for the moment that there are no critical points of ρ in the set Kj \ K˚j−1. This
is the non-critical case, in which the topology of the sublevel sets Kj−1 and Kj is the
same. Note that all precisely all odd values of j give inductive steps of non-critical type,
unless ρ has only finitely many critical points, in which case eventually every step is
non-critical.
Note that φj−1,1(Kj−2) is a compact subset of φj−1,1(K˚j−1) = L˚j−1. Thus there exists
t0 < 1 close to 1 such that ∪t0≤t≤1φj−1,t(Kj−2) is also a compact subset of L˚j−1. We now
apply Lemma 3.2 to obtain a compact bordered Riemann surface with smooth boundary
Lj whose interior contains Lj−1, a diffeotopy σj,t : X → X satisfying σj,1(Lj) = Lj−1
with σj,t equal to the identity on ∪t0≤t≤1φj−1,t(Kj−2), and a homotopy fj,t : X → X
linking fj−1,1 = fj,0 to some continuous map fj,1 : X → (C
∗)2. The homotopy fj,t and
its final map fj,1 satisfy conditions (v)–(ix) above.
Note that σj,1(Lj−1) is a compact subset of σj,1(L˚j) = L˚j−1, so that φ
−1
j−1,1(σj,1(Lj−1))
is a compact subset of φ−1j−1,1(L˚j−1) = K˚j−1. Because ρ is a Morse function and there are
no critical points in the compact set Kj \ K˚j−1, there exists a diffeotopy ψj,t : X → X
such that ψj,1(Kj) = Kj−1, where we may choose ψj,t to equal the identity on the
compact set φ−1j−1,1(σj,1(Lj−1)) ∪Kj−2 ⊂ K˚j−1.
We now define φj,t : X → X as follows.
(†) φj,t =
{
φj−1,t ◦ ψj,t for 0 ≤ t ≤ t0,
σ−1j,t ◦ φj−1,t ◦ ψj,t for t0 ≤ t ≤ 1,
where we have reparameterised the diffeotopy σj,t in the t-variable so that t ∈ [t0, 1],
with σj,t0 = idX , σj,1(Lj) = Lj−1, and so that φj,t as defined above is smooth at t0.
We now show that conditions (i)–(iii) hold. We have
φj,1(Kj) = σ
−1
j,1 ◦ φj−1,1 ◦ ψj,1(Kj) = σ
−1
j,1 ◦ φj−1,1(Kj−1) = σ
−1
j,1 (Lj−1) = Lj ,
so condition (i) holds.
Since ψj,t is the identity on φ
−1
j−1,1(σj,1(Lj−1)) ⊂ Kj−1, applying ψj,1 to both sides gives
φ−1j−1,1(σj,1(Lj−1)) ⊂ ψj,1(Kj−1), so that Lj−1 ⊂ σ
−1
j,1 ◦ φj−1,1 ◦ ψj,1(Kj−1) = φj,1(Kj−1),
showing that condition (ii) holds.
Let x ∈ Kj−2. Suppose that 0 ≤ t ≤ t0. Then φj,t(x) = φj−1,t ◦ ψj,t(x) = φj−1,t(x)
as required, since ψj,t equals the identity on Kj−2. On the other hand, if t0 ≤ t ≤ 1, we
still have φj,t(x) = σ
−1
j,t ◦ φj−1,t ◦ ψj,t(x) = σ
−1
j,t ◦ φj−1,t(x) = φj−1,t(x), since φj−1,t(x) ∈
∪t0≤t≤1φj−1,t(Kj−2), a set on which σj,t was chosen to be the identity. Condition (iii)
holds. This completes the proof for every non-critical step.
Now suppose that the conditions are satisfied for some j − 1, but that there exists
a single critical point q of ρ in the set Kj \ K˚j−1. This is called the critical case, and
if ρ has infinitely many critical points then for every even value of j the inductive step
will be critical. (If ρ has n < ∞ critical points, then only for j = 2, 4, . . . , 2n will the
step be of critical type.) Since ρ is subharmonic, the Morse index of ρ at q can only be
either 0 or 1. We deal with these two cases in turn.
Suppose that the index of ρ at q is 0. Then Kj is diffeomorphic to the disjoint
union of Kj−1 and a small closed disc D ⊂ X that contains q in its interior. More
precisely, there exists a compact bordered Riemann surface K ′j ⊂ X containing Kj−1 in
its interior, a compact disc D ⊂ X disjoint fromK ′j, and a diffeotopy ψj,t ofX , such that
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Kj = K
′
j ∪D and ψj,1(K
′
j) = Kj−1. Ignoring D for the moment, we use the exact same
procedure as for the non-critical case to find a compact bordered Riemann surface with
smooth boundary L′j containing Lj in its interior, a diffeotopy φj,t of X , and a homotopy
f ′j,t : X → (C
∗)2, together satisfying the required conditions with respect to K ′j and L
′
j .
Now let D˜ = φj,1(D). Set Lj = L
′
j ∪ D˜, and extend the homotopy f
′
j,t for t ∈ [1, 2]
by deforming f ′j,1 in a small neighbourhood of D˜ disjoint from L
′
j so that the final map
gj is an embedding in a neighbourhood of D˜ satisfying gj(D˜) ⊂ (C
∗)2 \ P j . Call this
extended homotopy fj,t, and reparameterise so that t ∈ [0, 1]. Then the conditions all
hold for Kj , Lj , φj,t and fj,t.
Now consider the case when the index of ρ at q is 1. In this case, Kj is obtained
by adding a 1-handle to Kj−1. That is, there is a smoothly embedded 1-cell E ⊂ K˚j
passing through q, with E∩Kj−1 = bE, such that Kj deformation retracts to Kj−1∪E.
Furthermore, given any neighbourhoodW of E we may find a 1-handleH ⊂ Kj attached
to bKj−1, E ⊂ H ⊂ W , such that K
′
j := Kj−1 ∪ H is a compact bordered Riemann
surface and there exists a diffeotopy ψj,t of X satisfying ψj,1(Kj) = K
′
j . Here, ψj,t can
be chosen to be the identity outside of a neighbourhood of Kj \ K˚
′
j .
Recall that the diffeotopy φj−1,t of X satisfies φj−1,1(Kj−1) = Lj−1. Let E˜ =
φj−1,1(E), a 1-cell satisfying E˜ ∩ Lj−1 = bE˜. Recalling that fj−1,1 is an embedding
of a neighbourhood of Lj−1 satisfying fj−1,1(bLj−1) ⊂ (C
∗)2 \P j−1, we see that the end-
points of E˜ satisfy fj−1,1(bE˜) ⊂ (C
∗)2 \ P j−1. There is no obstruction to continuously
deforming fj−1,1 in a neighbourhood of E˜, while keeping it fixed on a neighbourhood of
Lj−1 (and thus also fixed near bE˜), to obtain a map gj−1 : X → (C
∗)2 that remains a
holomorphic embedding of a neighbourhood of Lj−1, but is now a smooth embedding
on E˜ satisfying gj−1(E˜) ⊂ (C
∗)2 \ P j−1. We now use Mergelyan’s theorem to approx-
imate gj−1, uniformly on a neighbourhood of Lj−1 and in the C
1-topology on E˜, by a
function g˜j−1 that is holomorphic in a neighbourhood of Lj−1 ∪ E˜. If the approxima-
tion is sufficiently good then g˜j−1 restricts to a holomorphic embedding of some smaller
neighbourhood of Lj−1 ∪ E˜, on which it will be homotopic to gj−1 through holomorphic
embeddings (via a convex linear combination). Using a suitable cutoff function in the
homotopy parameter that equals 1 in an even smaller neighbourhood of Lj−1 ∪ E˜, we
obtain a homotopy from gj−1 to some map g˜
′
j−1 : X → (C
∗)2 which equals g˜j−1 in a
neighbourhood of Lj−1 ∪ E˜.
For a sufficiently small handle H , attached to Kj−1 and containing E, the set H˜ =
φj−1,1(H) will be a handle attached to Lj−1, containing E˜, and contained in the set on
which g˜′j−1 is a holomorphic embedding. Furthermore, we may assume that g˜
′
j−1(H˜) ⊂
(C∗)2 \ P j−1. Setting L
′
j = φj−1,1(K
′
j) = Lj−1 ∪ H˜ we also see that g˜
′
j−1(bL
′
j) ⊂
(C∗)2 \P j−1. Applying Lemma 3.2 to L
′
j and the map g˜
′
j−1 : X → (C
∗)2 gives a compact
smoothly bordered Riemann surface Lj containing L
′
j in its interior, a diffeotopy σj,t
of X satisfying σj,1(Lj) = L
′
j , and a homotopy f
′
j,t from g˜
′
j−1 to a map gj : X →
(C∗)2 satisfying all required conditions. Combining the homotopies above with f ′j,t and
reparameterising gives a homotopy fj,t from fj−1,1 to gj satisfying all required conditions.
We may now repeat the same construction as in the non-critical case to give a diffeotopy
φj,t of X so that all conditions hold for Kj, Lj , φj,t and fj,t.
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Now suppose that S 6= ∅ is a discrete set and that f |S : S → (C
∗)2 is a proper
injection. We assume that S ⊂ X is an infinite set; the case when S is finite also follows
from the following argument. As in the case when S = ∅, we obtain a smooth strictly
subharmonic Morse exhaustion function ρ : X → R with 0 as a regular value such that
the preimage of every critical value contains a single critical point. We may now also
assume that none of the points of S lie in the preimages of the critical points of ρ and
that S∩{ρ = 0} = ∅. Recall that f restricts to an embedding of an open neighbourhood
of K0 = {ρ ≤ 0}.
As before, we choose an increasing sequence of regular values 0 = c0 < c1 < c2 < . . .
of ρ with lim
j→∞
cj = ∞ satisfying c2j−1 < ρ(pj) < c2j for j = 1, 2, . . . , where pj are the
critical points of ρ outside K0. Set Kj = {ρ ≤ cj}, j = 1, 2, . . . . Here we may assume
that each pair c2j−1 and c2j is sufficiently close to ρ(pj) that S∩(K2j \K˚2j−1) = ∅ for all
j = 1, 2, . . . . That is, the points of S outside K0 only occur in the sets K˚j \Kj−1 when
Kj has the same topology as Kj−1 (a non-critical step, in our present terminology).
Since S is discrete, each such set K˚j \Kj−1 contains finitely many points of S.
Let Sj = S \ Kj−1, j = 1, 2, . . . , be the points of S outside the compact set Kj−1.
Since f |S : S → (C
∗)2 is a proper map, we may choose an increasing sequence rj ∈ R
with lim
j→∞
rj = ∞ such that f(Sj) ∩ P rj = ∅ for all j = 1, 2, . . . (recall that Pr = ∅ for
r ≤ 0).
Setting K−1 = {ρ ≤ c−1} for some regular value c−1 < 0 close to 0, so that K ⊂ K˚−1,
we now construct as before sets Lj , smooth diffeotopies φj,t of X , and homotopies of
continuous maps fj,t : X → (C
∗)2 so that conditions (i)–(vii) given earlier hold. We
replace conditions (viii) and (ix) by the following two conditions (viii′) and (ix′), and
add two additional conditions (x′) and (xi′).
(viii′) fj,1(bLj) ⊂ (C
∗)2 \ P rj .
(ix′) fj,1(Lj \ L˚j−1) ⊂ (C
∗)2 \ P rj−1 .
(x′) fj,t|S = f |S for all t ∈ I.
(xi′) There exists a neighbourhood of K ∪ S on which φj,t restricts to the identity for
all t ∈ I.
Assuming this done, we may repeat the argument given previously, using condition
(ix′) to give properness of the limit map, and conditions (iii), (x′) and (xi′) to obtain
conclusions (2) and (6) of the theorem. The full theorem is proved.
Choosing values r−1 < r0 < 0, so that Pr−1 = Pr0 = ∅, the initial case j = 0
is unchanged from before. We thus fix some value j > 0 and suppose the conditions
are satisfied for j − 1. We also suppose that there are no critical points of ρ in the
set Kj \ K˚j−1, so that we are in the non-critical case. We explain how to modify
the construction previously given for S = ∅ to ensure interpolation at the points of
S ∩ (Kj \ K˚j−1) without changing the values f takes at all other points of S.
We repeat the argument given previously to obtain a compact bordered Riemann
surface Lj whose interior contains Lj−1, a diffeotopy σj,t of X satisfying σj,1(Lj) = Lj−1
with σj,t equal to the identity on ∪t0≤t≤1φj−1,t(Kj−2) for some t0 < 1 close to 1, and
a homotopy fj,t : X → (C
∗)2 linking fj−1,1 = fj,0 to some continuous map fj,1 : X →
(C∗)2 that together satisfy conditions (v), (vi), (vii), (viii′), and (ix′). Note that since
S∩bKj−1 = ∅, and since φj−1,t is the identity on a neighbourhood of S by the inductive
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assumption, we also have S ∩ bLj−1 = S ∩ φj−1,1(bKj−1) = ∅. By Lemma 3.2 we
may therefore ensure that σj,t equals the identity on a neighbourhood of S, and that
fj,t|S = fj−1,1|S = f |S for all t ∈ I.
In the same way as before, we construct a diffeotopy ψj,t of X such that ψj,1(Kj) =
Kj−1, and such that ψj,t is the identity on a certain compact subset of K˚j−1. Here we
may also assume that ψj,t is the identity on a neighbourhood of the set S \ (Kj \ K˚j−1).
Recall that there are only finitely many points of S in Kj \ K˚j−1, and that in fact
they all lie in the open set K˚j \Kj−1. Let s ∈ S ∩ (K˚j \Kj−1). Then t 7→ ψj,t(s), t ∈ I,
is a smoothly embedded curve in X starting at ψj,0(s) = s and ending at some point
in K˚j−1. Let 0 < t
′ < 1 be the unique value such that s′ := ψj,t′(s) ∈ bKj−1. Then
η(t) := ψ−1j,t (s
′), t ∈ I, is a smoothly embedded curve in X passing through s, starting
at s′ ∈ bKj−1 and ending at s
′′ := ψ−1j,1 (s
′) ∈ bKj . Note that there could be additional
points of S on the curve η besides s. Let S ′ be the set of all such points, including s
itself.
Let λ : (−1, 1) → bKj−1 be a diffeomorphism onto a neighbourhood of s
′ in bKj−1
such that λ(0) = s′. Because ψj,t is given by the flow of a complete smooth vector field Y
on X supported in a neighbourhood of Kj \K˚j−1, it is actually defined for all t ∈ R. For
any 0 < δ < 1 we may therefore construct a diffeomorphism θ : (−δ, δ)×(−δ, 1+δ)→Wδ
onto a neighbourhood Wδ ⊂ X of the image of η by
θ(x, t) = ψ−1j,t (λ(x)) , x ∈ (−δ, δ), t ∈ (−δ, 1 + δ) .
Let χ˜ : X → [0, 1] be a smooth cutoff function with support in Wδ that equals
1 in a neighbourhood of the image of η, and let χ = 1 − χ˜. Consider the smooth
vector field Y˜ = χ · Y on X . Clearly, Y˜ is also complete and its flow ψ˜j,t equals the
identity on a neighbourhood of the curve η. Define φj,t : X → X by the formula
(†) given earlier. If we now replace ψj,t by ψ˜j,t in the definition of φj,t we obtain a
diffeotopy φ˜j,t of X such that φ˜j,t = φj,t on Kj \Wδ for all t ∈ I. Note that φ˜j,t is the
identity in a neighbourhood of each point of S ′. We see that η˜ := φ˜j,1 ◦ η is a curve
starting at s˜′ := φ˜j,1(s
′) = σ−1j,1 (φj−1,1(ψ˜j,1(s
′))) ∈ bLj (since ψ˜j,1(s
′) = s′ ∈ bKj−1 and
φj−1,1(bKj−1) = bLj−1) that passes through the points of S
′.
Note that fj,1(s˜
′) ∈ (C∗)2 \ P rj since s˜
′ ∈ bLj , and that fj,1(S
′) ⊂ (C∗)2 \ P rj by
choice of rj. Deform fj,1 on a neighbourhood of η˜, keeping it fixed in a neighbourhood
of s˜′ and at the points of S ′, to obtain a map f ′ on X that is still a holomorphic
embedding on a neighbourhood of Lj , and is now also a smooth embedding on η˜ that
satisfies f ′(η˜) ⊂ (C∗)2 \ P rj .
Using Mergelyan’s theorem, approximate f ′ uniformly in a neighbourhood of Lj
and in the C 1-topology on η˜ by a holomorphic embedding f˜ ′ defined on a smaller
neighbourhood of Lj∪ η˜. Ensure that the values of f
′ at the points of S ′ and at all points
of S inside Lj do not change during this process. If the approximation is sufficiently
good then f ′ is homotopic to f˜ ′ in a neighbourhood of Lj ∪ η˜ through a family of maps
that are holomorphic embeddings of a neighbourhood of Lj . We now patch this local
homotopy to f ′ using a suitable cutoff function in the homotopy parameter, thereby
giving a homotopy from f ′ to some map f ′′ that agrees with f˜ ′ on a neighbourhood of
Lj ∪ η˜. Combining these homotopies with the homotopy fj,t and reparameterising gives
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a homotopy from fj,0 to f
′′ defined on all of X . We continue to call this new homotopy
fj,t, so that now f
′′ = fj,1.
The set L′j := φ˜j,1(Kj) is a compact bordered Riemann surface whose boundary
agrees with that of Lj everywhere except near η˜. Taking δ sufficiently small we can
ensure that L′j is contained in the neighbourhood of Lj ∪ η˜ where f
′′ = fj,1 is a holomor-
phic embedding, that fj,1(bL
′
j) ⊂ (C
∗)2 \ P rj , and that fj,1(L
′
j \ L˚j−1) ⊂ (C
∗)2 \ P rj−1 .
Redefining Lj = L
′
j and φj,t = φ˜j,t, we are done. By repeating this argument finitely
many times for the points of S in Kj \ K˚j−1, we can ensure all conditions are satisfied.
This completes the argument for the non-critical case.
Since the points of S only occur in non-critical steps in the induction process, the
critical case is the same as before, except that we must keep the values of f fixed at all
points of S throughout the construction. It is clear that this additional requirement can
be incorporated. 
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